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Abstract
For the harmonic analysis of plate bending problems, the Finite Element Method (FEM) is a com-
monly applied numerical technique. Its element concept with polynomial approximation functions,
however, limits its applicable frequency range because of a strongly increasing computational cost.
The Wave Based Method (WBM) has can relax this by using wave functions, which satisfy the
governing differential equations.
This paper derives two distinct particular solution sets for distributed loads in the WBM. Two
numerical validations show the improved efficiency as compared to the FEM. The novel approach
is also applied to a plate under a TBL excitation.
Keywords: structural dynamics, plate bending, Kirchhoff theory, Wave Based Method,
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1. Introduction
The Finite Element Method (FEM) [1] is one of the most commonly applied simulation technolo-
gies to predict the behaviour of dynamic systems since it can tackle geometrically complex problems
by dividing the problem domain in small elements. Simple polynomial approximation functions are
most commonly used within the elements to describe the dynamic field variables. This procedure,
involving small elements with polynomial functions is the strength of the FEM, but it also con-
stitutes a limitation. As the frequency increases, the number of elements required to control the
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interpolation and pollution errors increases more than linearly [2, 3, 4]. The increasing model size
creates an upper frequency limit above which the computational cost becomes prohibitive. The
FEM should thus be considered as a low-frequency technique.
Significant research is performed in order to alleviate these limitations of the FEM. Important
to mention are the so-called meshless methods, where the very fine element discretisation is no
longer made. Instead, approximation functions with a higher degree of continuity are applied. The
application to thin plates can be found in many fields of dynamic analysis: e.g. nonlinear dynamic
fracture and crack growth [5, 6], buckling analysis [7, 8] and steady-state linear vibration analysis
[9, 10]. Another class of techniques, partly intersecting the class of the meshless methods, is the
group of Trefftz-based methods [11, 12]. These methods all apply the same principle; the solution
is approximated through a set of so-called Trefftz functions, which inherently satisfy the governing
differential equation(s) a priori and which may violate conditions at the domain boundary. The
best known Trefftz-based methods are the Discontinuous Galerkin Method [13], the Hybrid Trefftz
FEM [14], the Method of Fundamental Solutions [15, 16], the Variational Theory of Complex Rays
[9, 17], the Ultra-Weak Variational Formulation [18, 19, 20] and the Wave Based Method (WBM)
[21], which is the focus of this paper. The key differentiator between these methods is the way in
which the boundary and interface conditions are imposed and the specific selection of type of basis
functions.
This paper focuses on the Wave Based Method (WBM) [21], which has the potential to alleviate
the FEM’s frequency limitations for problems of moderate geometrical complexity. As compared to
FE models, WB models are much smaller and have a higher convergence rate, which enables faster
calculations for the same accuracy or allows going to higher frequencies for the same computational
cost. So far, the method has been successfully applied to acoustic problems [22, 23, 24], in-plane
membrane [25] and plate bending [10] problems, poro-elastic problems [26, 27] and, in a hybrid
sense with the FEM, to fully coupled vibro-acoustic problems with structural [28] and poro-elastic
[29] components.
The WBM for plate bending problems forms the starting point of this paper. The research
on these problem settings was initiated by Desmet [21]. Vanmaele et al. [10, 30] studied this
topic more profoundly. So far, however, the WBM only allows for excitation by a prescribed
boundary condition, or excitation by a point force inside the domain. Nevertheless, distributed
loads are omnipresent in engineering practise. They can cover a wide range of load profiles, ranging
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from loaded patches to full surface distributed loads. In the former case, concentrated loads are
distributed over a small but finite area. Depending on the ratio between the patch dimensions and
the governing wavelength, the assumption of a localised point force no longer holds. Examples of
the latter case are the vibro-acoustic coupled problems and the excitation by a broadband random
excitation, such as e.g. a diffuse acoustic field or a turbulent boundary layer (TBL). By virtue of
their stochastic nature, these random excitations are only known in statistical terms. They can
however be elegantly described in the wavenumber-frequency domain [31]. Whereas the diffuse field
models yield accurate results using only a simple expression, the excitation by a TBL is less trivial
to model. Corcos [32] developed an empirical model describing the spectrum of the turbulent
boundary layer wall pressure. Over the years, improvements have been made, among others by
Efimtsov [33] and Chase [34]. Nevertheless the model still stands as a good estimate of the wall
pressure fluctuations’ so-called convective ridge [35]. An extensive overview of the modelling of
turbulent boundary layer spectra can be found in [36].
The topic of distributed loads in the WBM, however, has only briefly been touched on so far.
Desmet [21] used the acoustic wave functions as particular solutions to the plate bending problem
in order to have fully coupled vibro-acoustic WB models. Jegorovs [37] introduced the use of the
Fourier transform for the derivation of particular solutions and applied this to the so-called light
diffusion approximation to the transport theory. In this paper, the existing framework of the WBM
for plate bending problems is extended with particular solutions which can incorporate the effect of
distributed loads in dynamic plate bending problems. Two different approaches are presented. The
first one is derived from the integration of the particular solution for a point force over the loaded
surface. In the second approach, particular solutions are derived based on a decomposition of the
distributed load in the wavenumber domain. Both approaches are validated in terms of efficiency
and accuracy.
The paper is organised as follows; Section 2 reviews the mathematical formulations of the plate
bending problem, with its governing dynamic equation and boundary conditions. The WBM for
plate bending problems is discussed in Section 3. The existing framework is extended with particular
solutions for distributed loads in Section 4. Section 5 demonstrates the potential of the developed
functions with a number of academic numerical validation examples, both on a simple rectangular
plate and on a more complicated shape. Section 6 uses the newly developed particular solutions to
compute the response of a plate under a TBL excitation. The paper ends with a general conclusion
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on the presented work.
2. Problem definition
Consider a thin flat plate shown in Fig. 1. The steady-state dynamic behaviour can be described
by the Kirchhoff theory [38]. According to this thin plate theory, the steady-state out-of-plane
displacements wz(r), with r = (x, y), are governed by the following fourth order partial differential
equation:
r ∈ Ω : ∇4wz(r)− (ksb)4 wz(r) =
Fz
D
δ(rF)− p(rd)
D
, (1)
where ∇4 = ∂4∂x4 + 2 ∂
4
∂x2y2 +
∂4
∂y4 . The structural wavenumber for plate bending k
s
b and the bending
stiffness D are defined as:
ksb =
4
√
ρtω2
D
, (2)
D =
E(1 + jη)t3
12(1− ν2) , (3)
with t the thickness of the plate, E the elasticity modulus, η the material loss factor, ν the Poisson
coefficient, ρ the material density, ω = 2pif the harmonic pulsation and j2 = −1. The plate is
excited by a normal point force Fz in the point rF = (xF , yF ) and by a distributed normal load
p(rd) on a part Ω
d of the plate surface Ω.
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Figure 1: General plate bending problem.
The Kirchhoff equation (1), being a fourth order partial differential equation, requires two
boundary conditions at every point on the problem boundary Γ = ∂Ω = Γwθ ∪ ΓmQ ∪ Γwm.
For an easy understanding, the boundary conditions which are further used in the paper, are
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recapitulated. The prescribed values for the out-of-plane displacement, rotation, generalised shear
force and bending moment are written as wz, θn, Qn andmn, respectively. The differential operators
associated with these derived quantities, Lθn , Lmn and LQn are defined as:
Lθn = −
∂
∂n
, (4)
Lmn = −D
(
∂2
∂n2
+ ν
∂2
∂s2
)
, (5)
LQn = −D
∂
∂n
[
∂2
∂n2
+ (2− ν) ∂
2
∂s2
]
, (6)
with n and s the in-plane normal and tangential directions to the plate boundary Γ, as indicated
in Fig. 1.
With this notation, the boundary conditions can be expressed as follows:
• Kinematic boundary conditions with prescribed values on displacements and rotations:
r ∈ Γwθ :
 Rwz (r) = wz(r)− wz(r) = 0Rθn(r) = Lθn [wz(r)]− θn(r) = 0 . (7)
The clamped edge boundary condition, which is used in the validations, is a kinematic bound-
ary condition with all displacements and rotations constrained.
• Mechanical boundary conditions with prescribed values of the stress resultants. However,
since only two boundary conditions can be imposed, the shear force qn and the twisting
moment mns are combined into a generalised shear force:
Qn = qn +
∂mns
∂s
. (8)
With this generalised shear force, the mechanical boundary conditions are defined as:
r ∈ ΓmQ :
 Rmn(r) = Lmn [wz(r)]−mn(r) = 0RQn(r) = LQn [wz(r)]−Qn(r) = 0 . (9)
• Mixed boundary conditions with prescribed values on displacements and bending moments:
r ∈ Γwm :
 Rwz (r) = wz(r)− wz(r) = 0Rmn(r) = Lmn [wz(r)]−mn(r) = 0 . (10)
The simply supported boundary condition, which is used in the validations, is a mixed bound-
ary condition with constrained displacements and zero bending moments.
5
3. The WBM for plate bending problems
This section discusses the basic concepts of the WBM for the analysis of plate bending problems,
as introduced by Desmet [21] and further developed by Vanmaele [10, 30]. Firstly, the different
steps of the modelling procedure are briefly listed. Thereafter, each step is further elaborated.
3.1. Basic concept
The WBM [21] is a deterministic numerical technique for solving a set of Helmholtz equations
under given boundary conditions. It follows an indirect Trefftz [11] approach, i.e. it applies exact
solutions of the governing differential equations as solution expansion functions. For structural
bending problems, these so-called wave functions exactly satisfy the Kirchhoff equation (1).
The modelling procedure consists of four steps:
1. Partitioning of the considered problem domain into convex subdomains.
2. Selection of the wave functions in the out-of-plane displacement expansion.
3. Construction of the WBM system matrices using a weighted residual formulation of the bound-
ary and interface conditions.
4. Solution of the system for the unknown wave function contribution factors and postprocess-
ing for the dynamic variables (out-of-plane displacement) and the derived dynamic variables
(stresses, structural intensity, . . . ).
3.2. Partitioning strategy
Desmet [21] showed that convexity of the considered problem domain is a sufficient condition
to ensure the convergence of the WBM. However, for many practical applications, the problem
geometry may be non-convex. In that case, the problem should be divided into NΩ number of
non-overlapping, convex subdomains Ω(β). To ensure continuity between the different subdomains,
coupling conditions must be applied at the corresponding interfaces [39]. In this paper, however,
only one wave based domain is considered. The concepts developed in this paper can be readily
extended to non-convex problem geometries with multiple subdomains using partitioning methods
as explained in [10].
6
3.3. Wave function selection
The steady-state out-of-plane displacement wz(r) is approximated by a weighted sum wˆz(r) of
nb number of wave functions Ψb(r) with their corresponding weights wb. This sum is completed
with particular solutions consisting of wˆF (r) for a force loading and wˆp(r) for a distributed pressure
loading:
wz(r) ≈ wˆz(r) =
nb∑
b=1
Ψb(r)wb + wˆF (r) + wˆp(r) = Ψb(r)wb + wˆF (r) + wˆp(r), (11)
where Ψb(r) represents a (1× nb) vector collecting the wave functions Ψb(r), and wb an (nb × 1)
vector combining the unknown wave function contributions wb.
Desmet [21] proposes to use a superposition of two types of wave functions:
Ψb(r) =
 Ψ1(r) = cos (kx1x)e−jky1yΨ2(r) = e−jkx2x cos (ky2y) . (12)
The only requirement for these wave functions to be exact solutions of the Kirchhoff equation (1) is
that the wavenumber components k•? satisfy the following dispersion relation, where ? can represent
each of the two types: [
(kx?)
2
+ (ky?)
2
]2
= (ksb)
4
. (13)
A convergent set of wave functions is obtained when the following choice is made for the wavenum-
bers [21]: 
(kx1, ky1) =
b1piLx ,

±
√
(ksb)
2 −
(
b1pi
Lx
)2
±j
√
(ksb)
2
+
(
b1pi
Lx
)2

 b1 = 0, 1, . . .
(kx2, ky2) =


±
√
(ksb)
2 −
(
b2pi
Ly
)2
±j
√
(ksb)
2
+
(
b2pi
Ly
)2
 ,
b2pi
Ly
 b2 = 0, 1, . . .
, (14)
where the lengths Lx and Ly are the dimensions of the preferably [21] smallest rectangle enclosing
the corresponding subdomain, as shown in Fig. 2.
In order to be applied in a numerical scheme, the infinite set of wave functions needs to be
truncated. The upper value of the parameters b? in the wavenumber selection procedure (14) is
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chosen according to a frequency dependent truncation rule:
pib?
L•
≥ Tksb , (15)
which can be interpreted as using all wave functions with a wavelength larger than or equal to
1/T times the physical wavelength at the studied frequency. A typical range for the truncation
parameter for out-of-plane structural calculations is 1 ≤ T ≤ 6 [40].
L
x
L
y
x
y
Figure 2: Circumscribing rectangle (- - - -).
This leads to a total number of bending wave functions nb:
nb = 4 (nb1 + 1) + 4 (nb2 + 1) . (16)
The expansion (11) is completed using particular solution functions wˆF (r) and wˆp(r). The
steady-state response wˆF (r) of an infinite homogeneous structural domain under a point force Fz
is given by:
wˆF (r) =
jFz
8 (ksb)
2
D
[
H
(2)
0 (k
s
bd(r, rF))−H(2)0 (−jksbd(r, rF))
]
, (17)
where d(r, rF) =
√
(x− xF )2 + (y − yF )2 is the distance between the point rF = (xF , yF ) where
the force is applied and a point at coordinates r = (x, y). The Hankel function of the second kind of
order 0 is represented by H
(2)
0 . Figure 3 shows a typical dynamic field of such a particular solution
function wˆF (r).
So far, particular solutions wˆp(r) for distributed loads have only been briefly touched upon by
Desmet [21] and Jegorovs [37]. Section 4 will discuss two different strategies to derive particular
solutions for a distributed load over a plate.
3.4. Construction of the WBM model
The expansion functions (12), with the selected wavenumber components (14), ensure that the
Kirchhoff equation is always satisfied, independently of the wave function contribution factors.
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(a) Real part (b) Imaginary part
Figure 3: Particular solution wˆF (r) with Fz=1 N at rF=(0,0), k
s
b=16.33 m
−1 and D=519.2 Pa/m3.
However, the boundary conditions may still be violated. These errors can be minimised through a
weighted residual formulation:
NB∑
i
∫
Γi
t˜i(r)
(Bi(wˆz(r))− Bi(r)) dΓ = 0, (18)
where NB represents the number of boundaries on which different boundary conditions are imposed,
t˜i is an arbitrary weighting function for imposed boundary conditions and Bi is a general boundary
differential operator on the boundaries with an imposed field represented by Bi(r). The introduction
of the same expansion for the field variables and weighting functions into (18) yields an algebraic
system of equations, linking the contributions of the nb number of wave functions Ψb(r):
Abbwb = fb, (19)
where Abb represents the WBM system matrix and fb the external excitation vector. The unknowns
in this system of equations are the wave function contributions wb which minimise the error residuals
on the imposed boundaries and interfaces.
3.5. Solution of the system of equations and postprocessing
The final step in the WBM modelling procedure is the solution of the WBM system of equations
(19) for the unknown wave function contributions wb. Back-substitution of these contribution
factors into the field variable expansion (11) yields an approximation of the displacement field in
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the dynamic out-of-plane vibrations. By applying the appropriate differential operators [41] to the
wave function sets, derived variables (such as the stresses or structural intensity) can be calculated
with the same spatial resolution, unlike with the element-based methods with their polynomial
shape functions.
4. Particular solution functions for distributed pressure loads
This section discusses the development of two particular solutions for the WBM when a dis-
tributed pressure load normal to the plate is applied.
The first approach is based on the integration of point force particular solutions. This approach
explicitly calculates the response of an infinite plate by integrating the applied pressure profile over
the patch surface. The wave functions are then weighted in such a way that the total field, i.e.
particular solution and wave function expansion, satisfies the applied boundary conditions.
The second approach addresses the problem from a different perspective. Using the Fourier
transformation, the applied pressure profile is decomposed into a number of plane waves. For each
of these plane waves, the Kirchhoff equation is solved. Each component of this second particular
solution set can thus be seen as the response of a rectangular plate to an incoming plane wave.
Again, the weighting of the wave functions makes sure that the total field satisfies the applied
boundary conditions.
The section is concluded with a short summary of the properties of both particular solution
sets.
4.1. Hankel-based approach – Integration of point forces
In this first approach, a particular solution function is developed based on the deformation of
an infinite homogeneous plate under a point force (17). By considering a pressure field p as an
infinite sum of discrete point forces, the expression for the particular solution wˆp(r) can be seen as
an infinite sum over the particular solution to these discrete point forces. This gives the following
expression:
wˆp(r) = − j
8 (ksb)
2
D
∫
Ωd
p(rd)
[
H
(2)
0 (k
s
bd(r, rd))−H(2)0 (−jksbd(r, rd))
]
dΩd. (20)
Application of the appropriate differential operators (4)-(6) gives similar expressions for derived
quantities θˆn,p(r), mˆn,p(r) and Qˆn,p(r), which are functions with the same spatial resolution as
wˆp(r).
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However, the calculation of these functions is relatively expensive, since for every evaluation at
r, a surface integral has to be calculated over Ωd. Moreover, due to the highly oscillatory nature of
these particular solutions (see Fig. 3), care has to be taken in the evaluation of this surface integral.
In order to do so, a Gauss-Legendre integration scheme [45], using a specified number of points
per physical wavelength is used. This can, however, limit the accuracy since the distributed pressure
p(r) is discretised in the Gauss points. In a convergence study, as further illustrated, this can lead
to a stagnation of the solution to the accuracy of the pressure field approximation. To overcome
this, the number of Gauss points can be increased using a numerical integration parameter TH :
TH =
ngp,Hankel
ngp,WF,T=1
, (21)
where ngp,Hankel indicates the number of Gauss points per wavelength used for the integration
of the particular solutions and ngp,WF,T=1 the number of Gauss points per wavelength for the
integration of the wave functions for a wave function truncation of T = 1. For load profiles of
moderate complexity, however, TH = 1 gives a sufficient prediction accuracy.
4.2. Fourier-based approach – Decomposition in the wavenumber domain
Since the imposed pressure field can be decomposed into a number of plane waves, alternative
expressions for the particular solution function wˆp(r) can be found, avoiding expensive surface inte-
grals of highly oscillatory Hankel-functions. This alternative method to compute particular solution
functions was briefly touched by Desmet [21] and Jegorovs [37]. By application of the Fourier trans-
formation, the Kirchhoff equation (1) can be solved in the wavenumber domain. The particular
solution in the spatial domain can then be calculated by an inverse Fourier transformation.
Firstly, the theoretical aspects of this approach are illustrated. Thereafter, the numerical pro-
cedure, including sampling and truncation, is elaborated.
4.2.1. Theoretical procedure
With the definition of the Fourier transformation G(kx, ky) of a function g(x, y) [42]:
G(kx, ky) =
∫ ∞
−∞
∫ ∞
−∞
g(x, y)e−j(kxx+kyy)dxdy, (22)
and the Kirchhoff equation (1) in the wavenumber domain (without a point force Fz):[(
(kx)
2
+ (ky)
2
)2
− (ksb)4
]
W (kx, ky) = −P (kx, ky)
D
, (23)
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W (kx, ky), the solution in the wavenumber domain (kx, ky) of an infinite plate under a distributed
load can be found:
W (kx, ky) = − P (kx, ky)
D
[
((kx)2 + (ky)2)
2 − (ksb)4
] . (24)
Using the inverse Fourier transformation, defined as:
g(x, y) =
1
(2pi)
2
∫ ∞
−∞
∫ ∞
−∞
G(kx, ky)e
j(kxx+kyy)dkxdky, (25)
the solution is obtained in the spatial domain (x, y). This function satisfies the Kirchhoff equation
with a distributed load and can thus be used as a particular solution. Combining (22)-(25), the
general expression for the particular solution function wˆp(r) thus becomes:
wˆp(r) = − 1
(2pi)
2
∫ ∞
−∞
∫ ∞
−∞
∫∞
−∞
∫∞
−∞ p(r)e
−j(kxx+kyy)dxdy
D
[
((kx)2 + (ky)2)
2 − (ksb)4
] ej(kxx+kyy)dkxdky. (26)
For a harmonic pressure excitation p(r), the analytical expression for wˆp(r) (26) can be simpli-
fied. With the transformation pairs for sines and cosines,
g(r) = sin(krr)↔ G(kr) = pi
j
(δ(k − kr)− δ(k + kr)) , (27)
g(r) = cos(krr)↔ G(kr) = pi (δ(k − kr) + δ(k + kr)) , (28)
and using the multiplication-convolution theorem,
g(r)h(s)↔ G(kr) ∗H(ks), (29)
the forward and inverse transformations can be done analytically. In this case, (26) simplifies to
wˆp(r) = − p(r)
D
[
((kx)2 + (ky)2)
2 − (ksb)4
] . (30)
Note also that a uniform excitation can be considered as a harmonic cosine-cosine function with
(kx, ky) = (0, 0).
4.2.2. Numerical procedure
For pressure fields with a non-harmonic spatial variation of the distributed load, (26) cannot be
calculated analytically. A discretised Fourier transformation is necessary and requires a choice for
the sampling rate and the truncation, both in the wavenumber domain and the spatial domain.
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Figure 4: Choice of the Fourier projection functions •F and their relation to the WBM function set with ◦ indicating
the chosen wave function components (14) and · indicating the chosen projection function components (31).
Since the particular solution expansion will strongly interact with the wave function expansion,
it is logical to choose the wavenumber selection and truncation in an analogical manner. For the
wavenumber domain sampling, this means that functions are chosen such that a half wavelength
fits into the circumscribing rectangle:
(kxF , kyF ) =
(
b1pi
Lx
,
b2pi
Ly
)
, (31)
with b1 and b2 defined in (14) and the subscript •F indicating the discretised wavenumber.
A similar frequency dependent truncation rule as in (15) applies, such that only projection
functions with a wavelength larger than or equal to 1/TF times the physical wavelength are used,
with TF the wavenumber domain truncation parameter. Because of the resemblance with the wave
functions, TF = T is used as a standard setting. Fig. 4 shows this transition from an infinite,
continuous wavenumber domain into a truncated and discretely sampled domain.
Also in the spatial domain, truncation and sampling are necessary. Since the actual plate under
study is finite, it is not necessary to perform the integration in (22) outside the plate domain. More-
over, as the wavenumbers are defined on the rectangle enclosing the domain, the spatial truncation
boundaries are set to be coincident with that rectangle.
The spatial sampling periods ∆Nyq are directly related to the wavenumber truncation TF k
s
b .
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The relation between both is given by the Shannon-Nyquist sampling theorem [43]:
∆Nyq ≤ pi
TF ksb
. (32)
The maximal values allowed by (32) are used.
4.3. Summary
As a short conclusion to this section, the main advantages and disadvantages of the two partic-
ular solution function sets are summarised here.
Decomposition. The Hankel based approach approximates the particular solution field as a su-
perposition of point force particular solutions; it uses a spatial decomposition of the load. The
Fourier-based approach approximates the pressure excitation field through a three-step procedure
involving a forward and an inverse Fourier transformation. Between both Fourier-based steps,
a particular solution function is calculated for each Fourier component by solving the Kirchhoff
equation in the wavenumber domain. This approach thus utilises a spectral decomposition.
Discretisation. In order to discretise the the Hankel based approach, number of point forces can
be controlled through a parameter TH , which can be interpeted as using TH times the number of
Gauss points used per wavelength for the numerical integration of the wave functions. The standard
setting is TH = 1. The continuous Fourier transformation has to be both discretised and sampled,
both in the wavenumber domain and in space. In the wavenumber domain, the same choices as
for the wave functions are made in terms of sampling and truncation TF = T . In the spatial
domain, the domain bounding box is used for truncation and the Nyquist theorem is applied for
the sampling.
Interpretation. The Hankel based solution set describes in essence the response of an infinite plate
under a loaded patch. In the Fourier-based approach, each of the particular solutions can be
interpreted as the response of an infinite plate to an incoming plane wave.
Applicability. Since the computational cost for the point force approximation functions in the
Hankel-based approach is proportional to the surface of the loaded patch, it shows to be most
useful in the field of small, localised patches or spatially complex (non-harmonic) loads. As the
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second approach makes intensively use of the Fourier transformation, it will perform best for har-
monic and harmonically decomposable distributed loads. For smaller surfaces, Gibbs phenomena
will impede a high accuracy.
5. Numerical validation
This section evaluates the performance of the distributed load strategies for the WBM for
structural bending problems by means of two numerical validations with increasing complexity.
The first problem case considers a square plate, for which an analytical solution is available. The
second problem case considers a quadrilateral plate. For both problem settings, four different load
cases are considered. Two different materials are used, of which the properties are given in Tab. 1.
Material 1: Steel Material 2: Aluminium
Elasticity modulus E=210·109Pa E=70·109Pa
Material loss factor η = 0 η = 0.01
Poisson ratio ν = 0.3 ν = 0.3
Material density ρ=7800kg/m3 ρ=2790kg/m3
Table 1: Material properties used in the numerical validation.
Results obtained with the WBM are compared to results obtained with the Rayleigh-Ritz [44]
method and with the FEM. The comparisons are made in terms of calculation times and accuracy.
Ansys 12.1 is used for the FEM reference models. The WBM routines are implemented in Matlab
R2010a. All calculations are performed on a Windows-based 2.52 GHz Intel Xeon system with 32
GB RAM.
5.1. Validation case 1
The first validation case considers a square (1m × 1m) steel plate (Tab. 1) as shown in Figure
5(a) with t = 3mm thickness. The plate is simply supported on all four edges. Four different load
cases (Fig. 5(b) to 5(e)) are chosen such that there is a gradual increase from a highly localised patch
load to a global harmonic load, in order to show the strengths and weaknesses of the two particular
solutions: those based on the integration of Hankel-based particular solutions for a point force and
those based on a decomposition of the distributed load in the wavenumber domain, respectively.
For all configurations, the out-of-plane structural displacement wz(r) is shown at a frequency
of 700 Hz (Fig. 6 to 9). Below this frequency, the plate has 60 modes. This clearly indicates its
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Figure 5: Problem geometry and applied load cases for Case 1.
mid- to high-frequency behaviour. The calculations are made with a truncation setting T = 4,
resulting in 312 wave functions. Both approaches are used in their standard setting, as discussed
in Section 4; the Hankel-based approach is used with the numerical integration setting TH = 1 and
the Fourier-based approach is used with the truncation setting TF = T .
The results are compared to the analytical solution obtained with the Rayleigh-Ritz method,
using 40000 modes. Details on the derivation of the analytical solution are given in Appendix A.
To assess the accuracy, logarithmic error contour plots relative to the analytical solution are
shown. This relative prediction error ε(r) is defined as:
ε(r) =
∣∣∣∣∣w•z(r)− wrefz (r)wrefz (r)
∣∣∣∣∣ , (33)
where • represents the result obtained with the WBM with either the Hankel- or the Fourier-based
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particular solutions and wrefz (r) represents the Rayleigh-Ritz reference solution.
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Figure 6: Out-of-plane deformation wz(r): Amplitude [m] and relative prediction error ε [-] at 700 Hz for Load case
1.
For Load case 1, Fig. 6(a) to 6(c) are very similar, illustrating the applicability of both particular
solution approaches. However, the error contour plot for the Hankel-based functions (Fig. 6(d))
shows that the overall accuracy is much higher than for the Fourier-based functions (Fig. 6(e)).
The Hankel-based approach accounts for an accuracy in the order of 1%, which is a very good
accuracy, especially relative to the effect of variability in this frequency range. The error using the
Fourier-based functions, however is up to 100%. Also note that the higher error at the nodal lines
results from an inaccurate error calculation due to almost-zero division.
This difference in accuracy can be readily explained by how the two approaches deal with
discontinuities. The Hankel-based functions (20) are defined by an integration over the loaded
surface Ωd. For a patch load, the discontinuity at the edges of this patch induces Gibbs phenomena
for the Fourier-based approach, whereas it only confines the integration domain Ωd in the Hankel-
approach without further problem.
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Figure 7: Out-of-plane deformation wz(r): Amplitude [m] and relative prediction error ε [-] at 700 Hz for Load case
2.
For the globally defined distributed load in Load case 2 (Fig. 7(a)), the error levels for both
approaches are closer to each other (Fig. 7(b)-7(c)). Now the projection functions in the Fourier-
based particular solutions no longer have to deal with a sharp discontinuity inside the problem
domain, giving an accuracy in the order of 5%. Therefore, the pressure decomposition is more
accurate than the previous one. However, also for this application, the Hankel-based approach is
more accurate. The accuracy is still in the order of 1%, as can be expected; the fine integration
can account for any pressure distribution.
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Figure 8: Out-of-plane deformation wz(r): Amplitude [m] and relative prediction error ε [-] at 700 Hz for Load case
3.
Logically, the Fourier-based approach is at its best when the forward and inverse Fourier trans-
formation can be done analytically (30), as is the case for harmonic loading. For Load case 3, which
is a uniform load (Fig. 8), the accuracy of the Fourier-based functions (Fig. 8(c)) strongly improves
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to 0.5% since the calculation of the particular solution can be done exactly. The accuracy of the
Hankel-based approach (Fig. 8(b)) again is in the order of 1%, very similarly to Load case 1 and 2.
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Figure 9: Out-of-plane deformation wz(r): Amplitude [m] and relative prediction error ε [-] at 700 Hz for Load case
4.
The results of Load case 4 (Fig. 9) are trivial. The solution for the Fourier-based approach (Fig.
9(c)) is exact, as the particular solution is also the analytical solution for this configuration. There-
fore, all wave functions coming from the homogeneous part of the solution have zero contributions
and no approximation error whatsoever is made.
5.2. Validation case 2
The second validation case considers a quadrilateral (1m × 0.5m) aluminium plate (Tab. 1) as
shown in Figure 10(a) with a t = 2mm thickness . The plate is clamped on all four edges. Again,
four different load cases (Fig. 10(b)-10(e)) are applied.
In a first validation of this problem case, the convergence of the developed particular solutions is
studied and compared to FEM reference models. To avoid averaging out possible outliers, a global
quadratic error estimator < δ > over n number of points is defined analogously to (33):
< δ >=
√√√√√∑ni=1
∣∣∣w•z(ri)2 − wrefz (ri)2∣∣∣∑n
i=1
∣∣∣wrefz (ri)2∣∣∣ . (34)
This quadratic error estimator < δ > is plotted as a function of the CPU time. This CPU time
is composed of the time required for the frequency-dependent operations. This means that for the
FEM, the system building is not included, only the solving. For the WBM, however, the system
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Figure 10: Problem geometry and applied load cases for Case 2.
building has to be repeated at every frequency. Therefore, both system building and system solving
time are included.
For the calculation of < δ >, the out-of-plane displacement results at 500 Hz in n = 384
uniformly distributed points, matching with the nodes in the coarsest FE model, are used. The
model properties for all FE and WB models are listed in Table 2 and 3. Below 500 Hz, the plate
has 18 modes, indicating that this frequency is in the mid-frequency range.
When comparing the convergence behaviour of the WBM with the two types of particular so-
lutions for the various load cases shown (Fig. 11), relative to the FEM, the advantage of the WBM
and the newly developed particular solution functions is clear. However, in this comparison, a
stagnation of the WBM results to the accuracy of the FEM reference is apparent. This stagnation
occurs because the accuracy of the reference model is lower than the WB models with high trunca-
tion settings. Indeed, if a refined WBM reference is used, all WB models converge further (Fig. 12).
Hence, in a similar manner with the plate bending problems tackled before [10, 30], also for plate
bending problems with a distributed load, the WBM convergence is superior to the FEM such that
a higher accuracy can be obtained with a lower computational effort.
These convergence curves confirm the observations made in the first problem case. The Fourier-
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Model hmax Degrees of freedom
name [m] 4-noded elements
K1 0.0500000 2304
K2 0.0250000 8742
K3 0.0125000 34038
K4 0.0062500 134310
K5 0.0031250 533574
Reference 0.0015625 2126982
Table 2: Properties for the FE models.
T 1 1.5 2 2.5 3 3.5 4 4.5 5 Reference
Wave functions 48 72 96 120 144 168 192 216 240 264
Table 3: Properties for the WB models.
based approach is at its best when the Fourier transformation can be done analytically, as is the
case for Load case 3 with a uniform load (Fig. 12(c)) and for Load case 4 with a harmonic load
(Fig. 12(d)). For more geometrically varying distributed loads (Fig. 12(b)), it converges much
more slowly; due to the highly local and discontinuous patch load in Load case 1 (Fig. 12(a)), the
convergence is almost stopped. The Hankel-based approach converges equally well for all four cases.
The only difference is on the timings, as Load case 1 involves a much smaller loaded surface than
the other cases.
When comparing the CPU times between the Fourier- and Hankel-based functions, however,
the advantage of the Fourier-based functions is clear. Even for Load case 2, a non-harmonic global
load case (Fig. 12(b)), the cost of performing a forward and inverse Fourier transformation is much
lower than performing the expensive numerical integration over the plate surface for every point
evaluation of the particular solution. As the locally loaded patch becomes smaller (Fig. 12(a)), the
Hankel-based functions overtake the convergence of the Fourier-based functions and become the
most appropriate strategy.
Up to this point, both function sets have been used in their standard setting, i.e. TF = T
for the Fourier-based functions and TH = 1 for the Hankel-based functions. Figure 13 shows
21
10−2 10−1 100 101 102 103
10−6
10−5
10−4
10−3
10−2
10−1
100
101
102
CPU time [s]
<
δ>
 [−
]
 
 
FEM
WBM Hankel (TH=1)
WBM Fourier (TF=T)
(a) Load case 1
10−2 10−1 100 101 102 103
10−6
10−5
10−4
10−3
10−2
10−1
100
101
102
CPU time [s]
<
δ>
 [−
]
 
 
FEM
WBM Hankel (TH=1)
WBM Fourier (TF=T)
(b) Load case 2
10−2 10−1 100 101 102 103
10−6
10−5
10−4
10−3
10−2
10−1
100
101
102
CPU time [s]
<
δ>
 [−
]
 
 
FEM
WBM Hankel (TH=1)
WBM Fourier (TF=T)
(c) Load case 3
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Figure 11: Out-of-plane deformation wz(r): Relative prediction error δ [-] as a function of CPU time at 500 Hz
(FEM reference).
the convergence curves for Load case 2 with different settings for TF and TH . The Fourier-based
functions (Fig. 13(a)) quickly stagnates on the accuracy of the decomposition of the applied load,
such that refinement of T independently of TF makes no sense. The convergence of the Fourier-based
approach is mostly governed by the distributed load decomposition and TF . Therefore, the standard
setting is chosen as TF = T . The Hankel-based functions (Fig. 13(b)) are more independent of T
since a setting of TH = 1, for not too spatially varying loads, produces results of good accuracy.
The convergence of the Hankel-based approach is mostly governed by the wave function expansion
and their truncation T . Therefore, the standard setting is chosen as TH = 1. If this causes a
stagnation of the results, a higher value is necessary. However, choosing TH = T , as is done for the
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(a) Load case 1 (ref. Hankel TH = T = 5.5)
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(b) Load case 2 (ref. Hankel TH = T = 5.5)
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(c) Load case 3 (ref. Fourier TF = T = 5.5)
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Figure 12: Out-of-plane deformation wz(r): Relative prediction error δ [-] as a function of CPU time at 500 Hz
(WBM reference).
Fourier-based functions, is clearly too excessive. Figure 13 thus confirms that the chosen standard
settings are appropriate.
The last validation considers the frequency response of the out-of-plane displacement in a re-
sponse point (0.6705,0.25), indicated by • in Fig. 10(a) over the frequency band 50-1000 Hz. Two
load cases are considered, both with their best performing functions: Load case 1, where the result
is shown for the Hankel-based functions and Load case 3, where the result is shown for the Fourier-
based functions. The WBM curves are obtained with a truncation factor of T = 2, using 48 wave
functions at 50 Hz to 176 wave functions at 1000 Hz, and with the standard settings for TF and
TH . The results are compared to the FE model K1 with 2304 degrees of freedom and the FEM
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Figure 13: Out-of-plane deformation wz(r) for Load case 2: Relative prediction error δ [-] as a function of CPU time
at 500 Hz (WBM Hankel TH = T = 5.5 reference).
reference solution K4 with 134310 degrees of freedom.
Figure 14(a) (Load case 1) and Figure 15(a) (Load case 3) show that over a broad frequency
band, the WBM provides a good prediction accuracy at a low computational cost. Moreover,
when plotting the relative error for an FEM and a WBM model with comparable timing (0.21s
per frequency line for the FEM, 0.23s for the WBM with the Hankel-based particular solutions
and 0.14s for the WBM with Fourier-based particular solutions), the WBM shows more accurate
results, whereas the results for FE model K1 are largely influenced by numerical pollution [3, 4].
For the frequency band of 300-1000 Hz, the benchmark WBM model with T = 2 even outperforms
the FEM reference model K4. The apparent accuracy of the WBM in Fig. 14(b) and Fig. 15(b)
is actually that of the FE model K4. This is illustrated by Fig. 14(c) and Fig. 15(c), where the
accuracy of the FE model K4 is shown relative to a WBM reference using a truncation of T = 4.
These figures show that the WB models with T = 2 are indeed more accurate than the FE model
K4.
6. Application: Turbulent Boundary Layer excitation
After the numerical validation of the newly developed particular solutions in Sec. 5, where
the advantages of both approaches are demonstrated, in terms of accuracy and efficiency, a final
application is studied: a plate excited by a Turbulent Boundary Layer (TBL), i.e. a distributed
24
100 200 300 400 500 600 700 800 900 1000
10−10
10−8
10−6
Frequency [Hz]
|w z
| [m
]
 
 
FEM − K4 − Reference FEM − K1 (tav=0.21s) WBM (Hankel) − T=2 (tav=0.23s)
(a) FRF
100 200 300 400 500 600 700 800 900 1000
10−5
100
105
Frequency [Hz]
ε 
[−]
(F
EM
 re
f.)
 
 
FEM − K1 (t
av
=0.21s) WBM (Hankel) − T=2 (t
av
=0.23s)
(b) Error FRF (ref. FEM)
100 200 300 400 500 600 700 800 900 1000
10−5
100
105
Frequency [Hz]
ε 
[−]
(W
BM
 re
f.)
 
 
FEM − K4 − Reference FEM − K1 (tav=0.21s) WBM (Hankel) − T=2 (tav=0.23s)
(c) Error FRF (ref. WBM)
Figure 14: Out-of-plane deformation wz(r) and relative error ε for a response point at (0.6705,0.25) from 50 Hz to
1000 Hz for Load case 1.
random excitation.
6.1. Corcos TBL model
The TBL wall pressure fluctuations are modelled using the empirical Corcos formulation [32].
Assuming a flow in the x-direction, the cross-spectral density Spp in the space-frequency domain of
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Figure 15: Out-of-plane deformation wz(r) and relative error ε for a response point at (0.6705,0.25) from 50 Hz to
1000 Hz for Load case 3.
the pressure p is given by:
Spp(r, ω) = A(ω)e
−αkc|x|e−βkc|y|ejkcx, (35)
where kc = ω/Uc represents the convection wavenumber at the main convection velocity Uc, A(ω)
is a frequency dependent amplitude and α and β are the longitudinal and lateral decay rates of
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the correlation, usually determined by a curve-fit on experimental data. From this expression, the
wavenumber spectrum SPP can be calculated analytically:
SPP (kx, ky, ω) =
A(ω)
k2c
4αβ(
α2 + (1− kxkc )2
)(
β2 +
(
ky
kc
)2) . (36)
Fig. 16 shows the spectral content of a TBL pressure field at 250 Hz.
6.2. Application in the WBM
Because of the elegant spectral form of the Corcos model (36), the Fourier based approach is
best suited to tackle this problem with the WBM. Therefore, the wavenumber spectrum should
again be discretised and converted into particular solutions to the Kirchhoff equation. For this,
the procedure for sampling and truncation as discussed in Sec. 4.2.2, is followed. Fig. 16 shows an
example of the truncation and discretisation points (•).
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Figure 16: Absolute value of the wavenumber spectrum SPP of a Corcos pressure field (α = 0.116, β = 0.7, Uc = 80
m/s and A(ω) = 1), k = kb-circle of a 2 mm thick aluminium plate (—) and discretised wavenumber spectrum of
the plane wave decomposition (•) at 250 Hz.
The plate response, in the form of the cross-spectral density Svv of the out-of-plane deformation
velocity, can be (numerically) calculated from:
Svv(r, ω) =
1
4pi2
∫ ∞
−∞
∫ ∞
−∞
SPP (kx, ky, ω) |Hv(r, kx, ky, ω)|2 dkxdky
=
1
4pi2
∑
n
∑
m
SPP (kn, km, ω) |Hv(r, kn, km, ω)|2 ∆kx∆ky
. (37)
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This shows that the deformation velocity cross-spectral density Svv can be obtained from a post-
processing step on the velocity transfer functions Hv in the point r in response to each of the
discretised uncorrelated plane waves (kn, km) [46].
These velocity transfer functions Hv can be calculated very efficiently with the WBM. The
method has three important advantages, as compared to traditional element-based methods. Firstly,
the WBM has a low computational cost, relative to the FEM, when it comes to a dynamic plate
bending problem with a distributed load. This was illustrated in Sec. 5. Secondly, earlier research
[40] showed that the relative cost of multiple right hand sides is lower in the WBM as compared
to the traditional element-based methods. This is because the main computational effort is in the
building of the system matrices, not in their solution. Thirdly, there is no additional approximation
error made in the application of the distributed harmonic load. In the WBM, particular solution
functions with the same spatial accuracy are used, whereas in e.g. the FEM the distributed loads
have to be converted into nodal forces through application of polynomial approximation functions.
6.3. TBL excitation of a clamped plate
In this application case, the geometry and the material properties of the second validation case
are reused, see Fig. 10(a) for the geometry and Tab. 1 for the properties of aluminium. The 2 mm
thin plate is again clamped on all four edges. The TBL wall pressure is described by the Corcos
model (36), with α = 0.116, β = 0.7 the conventional correlation parameters taken from literature
[46, 47, 48], and A(ω) = 1 and different values for the convection velocity Uc (in the x-direction).
The cross-spectral density of the out-of-plane deformation velocity is calculated and averaged over
n = 384 response points over the frequency band 50-1000 Hz. The simulations were done using
the WBM with a truncation factor of T = 2 and the standard setting TF = T was used for the
wavenumber domain truncation (see also Sec. 4.2.2). This results in 48 wave functions and 153
plane waves at 50 Hz and 176 wave functions and 1653 plane waves at 1000 Hz.
Figure 17 shows the resulting cross-spectral density of the deformation velocity for three different
convection velocities Uc = 40, 80, 160 m/s. Firstly note that for the three considered convection
velocities all the resonances of the plate are efficiently excited by this broadband excitation. A
second interesting phenomenon can be seen when comparing between different convection velocities.
Indeed, an effect known as convective coincidence [49] occurs in all three cases, but at a different
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frequency, which can be calculated as:
fc,con =
U2c
2pi
√
12ρ(1− ν2)
Et2
. (38)
This convective coincidence frequency occurs when the convective wavenumber kc matches the
bending wavenumber kb. In this case the plate is very efficiently excited. The three coincidence
frequencies for the studied convective velocities are calculated as 83, 330 and 1322 Hz and are
indicated by the vertical lines in Fig. 17. Above this frequency, the response diminishes with 9
dB/octave, as predicted by the asymptote for kc → ∞ of the Corcos model expression (36), here
indicated by the dashed line (– – –). The response thus shows the typical frequency behaviour of
a TBL, filtered with the dynamic behaviour of the plate.
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Figure 17: Averaged cross-spectral density of the out-of-plane deformation velocity Svv in n = 384 uniformly
distributed points from 50 Hz to 1000 Hz for a TBL wall pressure excitation with varying convection velocity
Uc = 40, 80, 160 m/s.
7. Conclusions
This paper presents particular solution functions for the Wave Based Method (WBM) for plate
bending problems with distributed loads. By using exact solutions of the governing differential
equation as expansion functions for the dynamic variables, the WBM can produce a higher conver-
gence rate than conventional element-based approaches such as the Finite Element Method (FEM).
Two strategies for the application of distributed loads are explored. The first one is based on the
integration of a number of point forces distributed over the loaded surface. The second strategy
derives new particular solution functions based on a decomposition of the distributed load in the
wavenumber domain of the applied load profile. For some specific load profiles, this can be done
analytically.
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The performance of both approaches is validated numerically against the analytical Rayleigh-
Ritz method and the FEM. For the particular functions based on the integration of point forces,
the convergence rate is not affected by the applied pressure profile. However, since for every point
evaluation a surface integration has to be performed, the approach is rather slow. Only in very
specific cases, such as a patch load, it can be competitive. For sufficiently smooth distributed
loads, the approach based on the decomposition of the distributed load in the wavenumber domain
works best. Moreover, when the applied loads are spatially harmonic or uniform functions, this
approach even more clearly outperforms the Hankel-based approach since both the forward and the
inverse Fourier transformation can be done analytically. The Fourier based approach also proved
well suited to tackle problems with random broadband excitations, such as Turbulent Boundary
Layer excitation, through a decomposition of the given excitation wavenumber spectrum into a set
of uncorrelated plane waves.
Both approaches expand the application range of the WBM for plate bending problems while
keeping the beneficial convergence of the WBM, thus outperforming the FEM for simple geometries.
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Appendix A. Analytical solution for a rectangular plate
For a simply supported rectangular plate, an analytical solution can be derived using modal
superposition. The natural frequencies ωnm and mode shapes Φnm(r) for a simply supported plate
are given by [50]:
ω2nm =
DLxLy
M
(
n2pi2
L2x
+
m2pi2
L2y
)2
, (A.1)
Φnm(r) = sin
(
npix
Lx
)
sin
(
mpiy
Ly
)
, (A.2)
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with n = 1, 2, . . . and m = 1, 2, . . . the mode indices in the x- and y-direction respectively and M
the total mass of the plate. The displacement field can then be obtained as an infinite series:
wz(r) =
1
M
∑
n
∑
m
Γnm(ω, r)Φnm(r). (A.3)
The modal magnification factor Γnm(ω, r) can be calculated by introducing the modal expansion
(A.3) into the Kirchhoff plate bending equation (1), with Fz = 0:
1
M
∑
n
∑
m
((npi
Lx
)2
+
(
mpi
Ly
)2)2
− (ksb)4
Γnm(ω, r)Φnm(r) = −p(r)
D
. (A.4)
Multiplication with Φnm(r) and integration over Ω = [0, Lx] ∪ [0, Ly] gives:
1
M
∑
n
∑
m
((npi
Lx
)2
+
(
mpi
Ly
)2)2
− (ksb)4
Γnm(ω, r)LxLy
4
=
∫
Ω
−p(r)
D
Φnm(r)dΩ,
= −Pnm(r)
D
.
(A.5)
This leads to the following expression for Γnm(ω, r):
Γnm(ω, r) =
4Pnm(r)
ω2 − ω2nm
. (A.6)
The term Pnm(r) depends on the applied pressure load p(r). The expressions for the different load
cases are summarised in Tab. A.4.
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